CECS 528, Exam 1, Fall 2024, Dr. Ebert

Unit 1 LO Problems (25 pts each)

LO1. Solve the following problems.

(a) Use the Master Theorem to determine the growth of T'(n) if it satisfies the recurrence
T(n) = 4T (n/2) + n*log® n. Defend your answer. (10 pts)

(b) Use the substitution method to prove that, if T'(n) satisfies
T(n) =4T(n/2) — nlogn,

then T'(n) = Q(n?). (15 pts)
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LO2. Solve the following problems.

(a) Given that r = ae + bg, s = af + bh, t = ce + dg, and v = cf + dh are the four entries of
AB, and Strassen’s products are obtained from matrices

Alza,Bl f hAQ—a"‘bBQ hAg—C+dB3—€A4 d,B4:g—e,

A5:a—|—d B5:€—|—h A(;:b—d B(;:g+h A7:CL—C B7:€+f,

Compute Py, ..., P; and use them to compute r, s, t, and u. (10 pts)
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(b) Recall that the Minimum Positive Subsequence Sum (MPSS) problem admits a divide-
and-conquer algorithm that, on input integer array a, requires computing the mpss of any
subarray of a that contains both a[n/2 —1] and a[n/2] (the end of a}¢ and the beginning

of Qright- For

a =48, -37,32, 33,70, —64{46, —34,45, —72, 34, —52

i. Provide the two sorted arrays a and b from which the minimum positive sum a[i]+ b[j]
represents the desired mpss, for some ¢ in the index range of a and some j within the

L bt Suws < e EHLQ)’Q7 5 ~52,
@Cj\\ Somg = @b;&’l 57% 19, D>
oL = sorted el ¥ Syma= —09,-3,->7, 5, b, \b

-~
ii. For the a and b in part a, demonstrate the O(n) procedure that obtains the minimum

positive sum a[i] + b[j]. Make a table that shows each of the steps. (7 pts)
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LO3. Do the following.

(a) Recall the use of the disjoint-set data structure for the purpose of improving the running
time of the Unit Task Scheduling algorithm. For the set of tasks

Task ‘ a b ¢ d e o
Deadline Index |3 4 5 5 5 3
Profit 60 50 40 30 20 10

For each task, show the M-Tree forest after it has been inserted (or at least has attempted

to be inserted in case the scheduling array is full). Note that the earliest possible deadline

index is 1, meaning that the earliest slot in the schedule array has index 1. Also, assume

that an insert attempt that takes place at index i results in the function call root(i),

followed by a union operation. Finally, to receive credit, your solution should show six
T - (,3}4 different snapshots of the M-Tree forest. (12 pts)
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@ i f’g) For t;e greegy algorithm that solves the Fuel Reloading Problem, in one sentence

describe the greedy choice that is made in each round of the algorithm. Do not provide

an entire description of the algorithm. (5 pts)
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(c¢) Given the station locations
10,13, 19, 23, 26, 32, 36, 47, 56, 66, 73, 77, 89, 98,

determine the least distance d that a car needs to be able to travel on a full tank of fuel in
order to be able to reach location 100 starting from location 0. For this distance, provide
a minimum set of stations that it must visit. (8 pts)
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LO4. Do the following.

(a) The dynamic-programming algorithm that solves the Optimal Binary Search Tree (0BST)
problem defines a recurrence for the function wac(z, j). Provide the dynamic-programming
recurrence for wac(s, j). (5 pts)

(b) Apply the recurrence from Part b to the keys 1-4 whose respective weights are 80,40,70,50
Show the matrix of subproblem solutions and use it to provide an optimal binary search
tree. For each subproblem solution, make sure to indicate the value of k£ that produced
the solution. (13 pts)
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(¢) When performing the dynamic-programming algorithm for an instance of 0BST having
n = 7 keys, the algorithm produced a matrix of £ values equal to

- 23241 3
- -3 2 36 5
- - -3 547
. - - 754
. .- .56
. . .- -6
Draw the optimal binary search tree. (7 pts)
Advanced Problems K

2
Al. Solve the recurrence T'(n) = 4T(/n) + log®n. Hint: Let S(k) = T(f) and write a divide-
and-conquer recurrence for S(k). Your final answer should be expressed in terms of n. (35

pts)

KS Q—,_\
ced= TN 4T (2™ K =
%SCL/B 4’}/\1, chg\éﬁ

R



Administrator
Pencil

Administrator
Pencil


A2. An instance of the problem Min Split is a nonnegative integer array a and a positive integer
k. The problem is to determine how to split the array into k£ subarrays so that the largest sum
of any subarray is minimized. For example, if a = 3,4,1,5,4,2,5,9 and k = 3, then a minimal
split is a; = 3,4,1,5, ap = 4,2,5, and ag = 9 which has a maximum sum of 13.

(a) Provide a one or two paragraph description of what you believe to be the best efficient

algorithm for solving this problem and demonstrate your algorithm on the instance a =
& 103,9,T2|and k = 3. (15 pts)

Use daynamic progromning, :
IS Ciys) 8 m,:«am w@s’v Sw wha é‘ﬁt&'“@ e
v O wbm{%ﬂ@f‘\w e ST AT
Recwlente s (A (L \3:\ \OJ e
ENLS (o= ‘%&%}a m\%m; Z\g@i‘%ws (S Hy J”ISS
- “ =

> \ 5 35S§5n»\

P - — min(56,53,42,34) =4

7 "y MALS (’ZQD.‘ mn( )22 &)

AT e

2 029 [21 ] s (3503 oin(53) 9231, 3200

3 56132 | 0| 43 mmézgz =21

1 55129 12) ﬁﬁ%{gjw 209,005 2|

- T T mas(s2)=min(352972)=2)

21 |27 (T2 MO (S Dy =min (21513) = \ 3

g 32‘{3 = | | a4 = min(42,28,27)=21
12 \ M8 (1,2 :m:v\((oo)é(oﬁ”b)‘ﬂ?)/—\&

PRI e — m)g{m\;m}v\ (34,32,29532)

“\QS(OBE - vaS@)ﬂ/\: MmN (TLJ)QD)ZSB)%%)

e CLJO)BLBJ'bz)ZO\> @ L\Zj —



Administrator
Pencil

Administrator
Pencil

Administrator
Pencil

Administrator
Pencil

Administrator
Pencil

Administrator
Pencil

Administrator
Pencil

Administrator
Pencil

Administrator
Pencil

Administrator
Pencil

Administrator
Pencil

Administrator
Pencil

Administrator
Pencil

Administrator
Pencil


) Provide a convincing argument that your algorithm will always return the optimal split.
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N\ ( ) Analyze the worst-case running time of your algorithm. (5 pts)
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