Introduction to Computational Complexity Theory
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1 Introduction

Definition 1.1. The Computational complexity of a computational problem refers to the minimum
amount of resources (e.g. execution steps or memory) needed to solve an instance of the problem in
relation to its size.

1. In this lecture we focus almost entirely on decision problems.

2. One reason for this is that the vast majority of problems that are of interest to both computing
practitioners and complexity theorists are either decision or optimization problems.

3. Most optimization problems can be readily converted to decision problems.



Example 1.2. 1. An instance of the Max Clique optimization problem s a simple graph G, and
the problem is to find the the largest clique in G.

2. An instance of the Clique decision problem is a pair (G, k) and the problem is to decide if
simple GG has a clique of size k£ > 0.

3. An algorithm for solving Max Clique immediately yields an algorithm for deciding Clique
(why?).

4. Furthermore, an algorithm A for deciding Clique in O(t(n)) steps, yields an algorithm for
solving Max Clique in O(log(n)t(n)) steps via an algorithm that makes queries to a Clique-
oracle together with binary search. O

5. Additional Clique-oracle queries may then be made in order to identify an actual maximum
clique.
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2 Problem Size and Size Parameters

Definition 2.1. Given a decision problem A and an instance x of A, |z| denotes the size of x and
equals the number of bits needed to binary-encode x. The notation |x| is often useful when speaking
abstractly about a generic decision problem, and an instance x of that problem.

Definition 2.2. Given a decision problem A, a size parameter for A is a parameter that may be
used to (approximately) represent the size of an instance of A. Given an algorithm .4 that decides A,
its size parameters allow one to describe the number of steps (and/or amount of memory) required
by A as a function of the size parameters.



Example 2.3. The following are some examples of problems, their size parameters, and examples
of how those size parameters are used.

Clique 1. Instance: (G = (V,E), k)
2. Size parameters: m = |E|, n = |V|

3. Example: verifying that some k vertices form a clique can be done in O(n?) steps.

[ A
Subset Sum 1. Instance: (S,t) t = ;‘ S

2. Size parameters: n = |S|, b is the number of bits needed to write ¢ (we assume that ¢ > s,
for all s € S.

3. Example: verifying that a subset of S sums to ¢ can be done in O(nb) steps.

2SAT 1. Instance: C
2. Size parameters: m = |C|, n = number of variables of C.

3. Example: verifying that an assignment « satisfies C can be done in O(m) steps.

Prime 1. Instance: n
2. Size parameters: b is the number of bits needed to write n in binary. Note that b =
|logn| + 1.

3. Example: there is an algorithm that can decide Prime using O(b%) steps.
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3 The Complexity Class P

Definition 3.1. A complexity class represents a set of decision problems, each of which can be
decided by an algorithm that has one or more constraints placed on the resources (usually the number
of steps or memory allowed) that it may use when deciding the problem.

m\és‘ﬂ = OCM(\\

Definition 3.2. Decision problem A is a member of complexity class P if there is an algorithm that
decides A in a polynomial number of steps with respect to the size parameters of A.

Notes:

1. For example, if n is the size parameter for A, then there must be an algorithm A that decides
A and, for an input x of size n, A requires O(n*) steps before returning 0 or 1, where k > 1 is
an integer.

2. Recall that f(n) = O(n*) iff there exists a constant C' > 0 for which f(n) < Cn* when n is
sufficiently large. Thus, if we let T'(n) denote the number of steps taken by 4 to decide instance
x, where |z| = n, then we require T'(n) = O(n*).

3. Complexity class P is considered robust in the sense that its members tend to remain the
same from one model of computation to the next (granted, some models of computation are
inherently inefficient, and are not appropriate for use in complexity theory).
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Example 3.3. Examples of decision problems in P.

1. Problems involving integer arrays, including Array Membership, Sorted, and the decision
versions of Median, Find Statistic, Maximum Subsequence Sum, Minimum Positive Subsequence
Sum

2. Graph problems, including Reachabable, Connected Graph, Bipartite Graph, Perfect Matching,
Acyclic Graph, 2-Coloring, and the decision versions of Max Flow, Spanning Tree, Vertex
Distance

3. Integer problems, including Prime, Composite, Relatively Prime, Linear Equation, Quadratic
Equation, Cubic Equation, Quartic Equation

4. Logic problems, including 2SAT, Horn Sat, and XOR-SAT, Boolean Formula Evaluation

5. The decision-problem versions of the following optimization problems: Unit Task Scheduling,
Task Selection, Fuel Reloading, Fractional Knapsack, Edit Distance, Optimal Binary
Seach Tree, Matrix Chain Multiplication, Longest Common Subsequence



Other problems in P are the result of placing a restriction on a non-P problem.

Example 3.4. An instance of 10-Clique is a simple graph G = (V| F) and the problem is to decide
if G has a clique of size 10. Show that 10-Clique is in P. In general, for any integer constant C' > 0,
the C-Clique decision problem is in P.
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Example 3.5. An instance of the 10-Path is a simple graph G = (V, E) and the problem is to decide
if G has a simple path of length equal to 10. Show that 10-Path is in P. In general, for any integer
constant C' > 0, the C-Path decision problem is in P.

Solution. SD\\[{ aS N g XOn-CSQ
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Figure 1: Solving an NP problem can be like finding a needle in a haystack.

4 The Complexity Class NP

Definition 4.1. Decision problem A is a member of complexity class NP if there is

1. a set Cert, called the certificate set,
2. a decision algorithm V, called the verifier, which has the following properties:

(a) the inputs to V are i) an instance x of A and ii) a certificate ¢ € Cert

(b) the output is 1 iff ¢ is a valid certificate for 2, meaning that ¢ proves that x is a positive
instance of A

(c) V requires a polynomial number of steps with respect to the size parameters of A.

Although, for any given instance x of A and any certificate ¢ € Cert, the verifier only requires a
polynomial number of steps, what makes some NP problems very difficult to solve is that there are
usually an exponential number of certificates, and finding a valid one is like finding a “needle-in-a-
haystack” because there is no apparent way to avoid having to examine an exponential (in the size
parameters of A) number of certificates.



Example 4.2. We show that Clique € NP. Let (G = (V, E), k) be a problem instance for Clique.

Step 1: define a certificate. Certificate C' is a subset of V' where |C| = k.

—— =B

Step 2: provide a semi-formal verifier algorithm.

For each u € C,

For each v € C' with u # v,
If (u,v) ¢ E, then return 0.

Return 1.

Step 3: size parameters for Clique. m = |E| and n = |V|.
Step 4: provide the verifier’s running time with an explanation.

The nested for-loops require at most k% = O(n?) query to determine if a pair of vertices (u,v). Each
query can be answered using a hash table that stores the graph edges. Building such a table takes
O(m) steps. Thus, algorithm’s total number of steps is O(m +n?) = O(n?) steps, which is quadratic
in the size of (G, k).
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Example 4.3. By repeating the steps of Example 4.2, prove that Subset Sum € NP. Let (S,t) be
an instance of Subset Sum.

Step 1: deﬁneacertii g S OQ %
P SRV

Step 2: provide a semi-formal verifier algorithm.

Sum = Oo
For cacdh 0 € A
SV + =

Re%m CSU M — = 'AB

Step 3: provide size parameters for Subset Sum.

'S\ b= L\og%jaL

Step 4: provide the verifier’s running time with an explanation.
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Example 4.4. Recall from Exercise 10 of the Computational Problems lecture that the 3-Dimensional
Matching (3DM) decision problem takes as input three sets A, B, and C, each having size n, along
with a set S of triples of the form (a,b,c) where a € A, b € B, and ¢ € C. We assume that
|S| = m > n. The problem is to decide if there exists a subset 7' C S of n triples for which each
member from AU B U C belongs to exactly one of the triples.

Show that (A, B, C, S) is a positive instance of 3DM, where A = {a,b,c}, B ={1,2,3}, C ={x,y, 2z},
and
S ={(a,1,2),(a,2,2),(a,3,2),(,1,2),(b,2,2),(b,3,2),(c,1,z),(c2 z2),(c,3,y) }

Solution. ’—j—: CO\ )2, )8)3 <£) \)X\) CQQ);%% 'S O
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Example 4.5. By repeating the steps of Example 4.2, prove that 3DM € NP. Let (A, B,C,S) be an
instance of 3DM. \ /I\\ = \’&\ = ) C\=—""—

Step 1: define a certificate. [S)=
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Step 3: provide size parameters for 3DM.

N= A= \8\= IC)
= 1S

Step 4: provide the verifier’s running time with an explanation.
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Example 4.6. By repeating the steps of Example 4.2, prove that 2SAT € NP. Let C be an instance
of 2SAT. C —
%C\ 5 > h_) Cmi)

Step 1: define a certificate.

X S om CtSSéSK\MA\ O‘Q —\_6\0, Nax e S
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Step 2: provide a semi-formal verifier algorith@
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Step 3: provide size parameters for 2SAT. m — \ @ \ ﬂ: _}F ng
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Step 4: provide the verifier’s running time with an explanation.
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Theorem 4.7. P C NP.

Proof. Let L € P be a decision problem that can be decided in polynomial time. Then there is
a polynomial-time computable predicate function D(z) that decides L. Moreover, D(x) serves as a
verifier for problem L and without need for a certificate. Note that we could define a certificate for
an instance x of L, but D may ignore it because D is able to decide x in a polynomial number of
steps using only knowledge of x itself. n

The Infamous P =7 NP Problem

Do there exist decision problems that are in NP but not in P? This would imply that some problems
have solutions that can be verified in polynomial time, but not solved in polynomial time. Moreover,
NP problems such as Clique, Subset Sum, and 3DM are candidates since, at this writing, polynomial-
time algorithms for these problems have yet to be established. But at the same time a proof that
such algorithms do not exist has yet to be found.

The P=7NP problem is considered one of the most challenging and important in all of computer science
and mathematics. The Clay Mathematics Institute is awarding a prize of $1 million dollars to anyone
who can resolve this problem.

In the next lecture we provide strong evidence that suggests that NP is a larger class of problems
than P because there are literally thousands of known problems in computer science that are in NP
and have no known efficient algorithms. In the next lecture we show that, if one of these problems
in in P, then all the problems must be in P. How can that be? I would like to tell you but right now
I need to ....
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The Complexity Class co-NP

Given a decision problem L, the complement of L, denoted L, is that decision problem for which
a positive (respectively, negative) instance x of L is a negative (respectively, positive) instance of L.

Example 4.8. If L is the problem of deciding if a positive integer is prime, then define its complement

T
Solution. m — C,D‘m ?DS/‘ jfe
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Example 4.9. Define the complement of the 2SAT decision problem.

Solution. 0”2 S A T — 9\0 ]\l S /AYT
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A Logical definition of Co-NP

It is left as an exercise to show that if L € P then L € P. On the other hand, it is believed that NP and
co-NP are different complexity classes because each has its own distinct predicate-logic definition.

For example, consider a problem L € NP which has _certificate set C' and verifier function v(x,c).
Then we may logically write that z is a positive instance of L if —

evaluates to 1. ‘\ PN —> ] <: >
Now consider its complement L € co-NP. Then we may logically write that x is a positive instance

of L iff it is a negative instance of L iff S

M
@

CEVC(—'UQT, ) &

evaluates to 1, wherelv/(z, ¢) = —w(z,c).) In other words, co-NP problems are logically defined with
a universal predicate-logic statement, while an NP problem is logically defined with an existential
predicate-logic statement. Thus, logically speaking, these classes seem different in that their problems
are complementary to one another.

18
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Example 4.10. For each of the following problem definitions, provide the complexity class (P, NP,
or co-NP) that best fits the problem.

Tautology Given a Boolean formula F(xy,...,z,) does F evaluate to 1 on all possible 2" binary

input vectors? Co— N?

Reachability Given a simple graph G' = (V| F) and two vertices a,b € V| does there exist a path
in GG starting at a and ending at b?

Dominating Set Given a simple graph G = (V| F) and an integer k > 0, does there exist a set D of
k vertices for which every vertex in V' — D is adjacent to some vertex in D? NP

Bounded Cliques Given a simple graph G = (V, E) and an integer k£ > 0, it true that G has no

k-cliques?
Co— NP

19
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Theorem 4.11. P C NP N co-NP.
Proof. Let L € P be given. Then by Theorem 4.7, L € NP. But notice also that L € P as well

(why?) and hence L € NP. But then L = L € co-NP. Therefore,

L €NPNco-NP. O
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Complexity Core Exercises

1. Let Triangle be the problem of deciding if a simple graph G = (V| F) has a 3-clique. Provide
a semi-formal algorithm that establishes that Triangle is in P. Explain why your algorithm
requires at most a polynomial number of steps.

2. An instance of 4-Subset Sum is a pair (5, t), where S is a set of positive integers and ¢ > 0 is a
positive integer, and the problem is to decide if there are four distinct members of S, x, vy, z, w,
for which x + y + 2z + w = t. Provide a semi-formal algorithm that establishes that 4-Subset
Sum is in P. Explain why your algorithm requires at most a polynomial number of steps.

3. An instance of the 3-Coloring decision problem is a simple graph G = (V, E), and the problem
is to decide if the vertices of G can be colored using three colors (red, blue, and green) in such
a way that no two adjacent vertices have the same color. In other words, does there exist a
function color : V' — {red, blue, green}, for which, for any edge (a,b) € E, color(a) # color(b)?
For example, verify that following graph

admits the 3-coloring

Vertex Color
red
green
blue
blue
green

6 red
Prove that 3-Coloring is in NP by completing the following steps.

Uk~ W N+~

a. Define a certificate for 3-Coloring.
b. Provide a semi-formal algorithm for the 3-Coloring verifier.
c. Provide size parameters for 3-Coloring.

d. Provide the verifier’s running time and defend your answer.

4. Recall that an instance of Set Partition is a set .S of nonnegative integers and the problem
is to decide if there are are subsets A, B C S for which i) AN B =1, ii) AUB =S, and iii)

Za:Zb.

a€A beB

21



Prove that Set Partition is in NP by completing the following steps.

a. Define a certificate for Set Partition.
b. Provide a semi-formal algorithm for the Set Partition verifier.
c. Provide size parameters for Set Partition.
d. Provide the verifier’s running time and defend your answer.
5. Recall the DHP decision problem, where an instance consists of a directed graph G = (V, E') and

vertices a,b € V and the problem is to decide if G has a directed Hamilton path (DHP), Prove
that DHP is in NP by completing the following steps.

a. Define a certificate for DHP.
b. Provide a semi-formal algorithm for the DHP verifier.
c. Provide size parameters for DHP.

d. Provide the verifier’s running time and defend your answer.

6. Consider the Solitaire decision problem, where an instance consists of an m x n grid, and
each square in the grid is either empty, has a single red stone, or has a single black stone. The
problem is to decide if, for each column, there is a subset of the stones that can be removed so
that i) every column has zero or more stones of the same color, and ii) every row has at least
one stone placed in it. Show that the following is a positive instance of Solitaire.

® 6 o O
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7. Prove that the Solitaire decision problem defined in the previous exercise is in NP by completing
the following steps.

a. Define a certificate for Solitaire.

b. Provide a semi-formal algorithm for the Solitaire verifier.
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c. Provide size parameters for Solitaire.
d. Provide the verifier’s running time and defend your answer.
8. An instance of Set Cover is a triple (S, m, k), where § = {S1,...,S5,} is a collection of n

subsets, where S; C {1,...,m}, for each i = 1,...,n, and a nonnegative integer k. The
problem is to decide if there are k subsets 5;,,...,.S;, for which

Sil U"'USZ‘k :{1,,m}
Verify that (S, m, k) is a positive instance of Set Cover, where m =9, k = 4, and

S ={{1,3,5},{3,7,9},{2,4,5},{2,6,7},{6,7,9},{2,7,9},{1,3,7},{4,5,8} }.

9. Each of the following graph decision problems described below takes as input a simple graph
G = (V,F) and a nonnegative integer k& > 0. Classify each one as either being in P, NP, or
co-NP.

a. Decide if it’s true that G has not vertex cover of size k.

b. Decide if G has at least k connected components. Note: two vertices are in the same
component iff they are both reachable from each other.

c. Decide if the size of every independent set of G is less than or equal to k.

d. Decide if G has a vertex cover of size k.
10. Classify each of the following problems as being in P, NP, or co-NP.

a. An instance of the Vertex Cover decision problem is a pair (G, k), where G = (V, E) is a
simple graph, £ > 0 is an integer, and the problem is to decide if G has a vertex cover
of size k, i.e. a set C' C V for which every edge e € E is incident with at least one vertex
in C.

b. An instance of Substring is a pair (s, s2) of binary strings and the problem is to decide
if s; occurs as a substring of so. For example (10101,001010111) is a positive instance of
Substring since 10101 is a substring of 001010111.

c. An instance of Bounded Clique is a graph G = (V,E) and an integer & > 0 and the
problem is to decide if the maximum cligeu in G is of a size that does not exceed k.

d. Given positive integers a,b,c¢ > 0, determine if there are positive integers x and y for
which az? + by = c.
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Solutions to Core Exercises

1. We have the following algorithm.

Name: has_triangle
Input: simple graph G = (V| E).
Output: true iff G has a triangle.
Add each edge e € F to a lookup table.
For each u € V,
For each v € V' with v # u,
For each w € V with w # v and w # v,
If (u,v) € E, and (u,w) € E, and (v,w) € E, Return 1.
Return 0.

Each of the three nested loops makes at most n = |V| iterations, for a total of O(n?) iterations.
Therefore, Triangle is in P.

2. On inputs S and t, Consider an algorithm that iterates through each 4-subset {x,y, z,w} € S
and checks if x 4+ y 4+ z + w = t. Since there are

() -l 2 g

4-subsets and each z + y + z + w sum requires O(3b) = O(b) steps (where b is a bound on the
number of bits used by each member of S and t), we see that the algorithm requires O(bn?)
steps which is a (fifth-degree) polynomial in the size parameters of 4-Subset Sum.

3. The following establishes 3-Coloring is in NP.

a. Certificate C is a vector of length n, where the ¢ th vector component, ¢ > 1, is one of
red, blue, green.

b. The following is the verifier algorithm.
Inputs: i) simple graph G = (V, E) ii) certificate C' which is an n-dimensional color
vector, and determines the color of the 7 th vertex.
Output: true iff C' does not color two adjacent vertices with the same color.
For each e = (u;,v;) € E,
If C; = Cj, Return 0.
Return 1.
c. Size parameters: m = |E|, n = |V|.

d. Algorithm analysis: the algorithm requires O(m) steps since it iterates once through the
set of edges, and accessing a vertex’s color from vector C' can be done in constant time.
Therefore, 3-Coloring is in NP.

4. The following establishes SP is in NP. Assume S is an instance of SP.
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a. Certificate A is a subset of S.
b. The following is the verifier algorithm.

Inputs: i) set S of nonnegative integers, ii) certificate A C S.

Output: true iff the members in A sum to the members not in A (i.e. in B = 5—A).
Initialize: B=5 — A

Return (> a= >_b).

acA beB
c. Size parameters: n = |S|, m is a bound on the maximum number of bits required by any
number in S.

d. Algorithm analysis: the algorithm requires O(mn) steps since it requires making at most
n additions with numbers that are at most m-bits each. Therefore, SP is in NP.

5. The following establishes DHP is in NP. Assume (G = (V, E),a,b) is an instance of HP, where
a € V is the start vertex and b € V' is the end vertex.

a. For simplicity, assume V' = {1,...,n}, a = 1, and b = n. Certificate P is a permutation
of the numbers 1,...,n.

b. The following is the verifier algorithm.

Inputs: i) simple graph G = (V, E), ii) certificate P, a permutation of the numbers
L...,n=1V].
Output: true iff P forms a valid Hamilton path in G.
If P(1) # 1 or P(n) # n, Return 0.
Store the edges of GG in a lookup table.
Fori=1,...,n—1
If (P(i),P(i+ 1) ¢ E, Return 0.
Return 1.
c. Size parameters: n = |V|, m = |E|.

d. The algorithm requires O(m + n) steps since it requires O(m) steps to build the lookup
table and then O(n) to make sure each pair (P(i), P(i + 1)) is an edge of G. Therefore,
DHP is in NP.

6. Remove all the red stones from column 1, and all the black stones from columns 2-4. Notice
that every row has a stone and every column has stones of the same color.
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7. The following establishes Solitaire is in NP. Assume m X n matrix M is an instance of
Solitaire, where the entries for M are either 0 (empty), 1 (black), or -1 (red).

a. Certificate R is an n-dimensional vector (Ry, ..., R,), where R; C {1,...,m} indicates
those row values where a stone in column j is to be removed.

b. The following is the verifier algorithm.
Inputs: i) {—1,0, 1}-matrix M, ii) certificate vector R = (R, ..., R,) of subsets of

{1,...,m}.
Output: true iff R is a legal and winning prescription for which stones are to be
removed in each column.

//Check for columns that have stones of different colors.
For each j =1,...,n,
For each i; = 1,...,m for which i; € R;,
For each i = 1,...,m for which iy € R,

If Mliy,j]M]ia, j] = —1, Return 0. //A red and black stone each remain in
column j.

//Check for rows having no stones.

Foreachi=1,...,m,
If Vj(Mi,j] =0V i€ R;), Return 0. //Row ¢ has no stones.
Return 1.

c. Size parameters: m: number of rows of M. n: number of columns of M.

d. Algorithm analysis: We assume that all membership queries to each R; set, j =1,...,m,
requires O(1) steps. This can be accomplished if we represent each R; as an array of size
m. Checking if any columns have different colored stones after the removals have been
made requires at most O(m?n) steps, while checking if any row is empty requires O(mn)
steps for a total of O(m?n) steps. Therefore, Solitaire is in NP.
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8. The sets

10.

satisfy

8 0
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co-NP

co-NP
NP

NP

co—-NP
NP

{{1,3,5},{2,6,7},{2,7,9},{4,5,8}}

{1,3,5}U{2,6,7} U{2,7,9} U {4,5,8} = {1,2,...
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